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Abstract 
Genus-one modular quotient groups have been studied in various guises, from the toroidal 
maps of Brahana nd Coxeter, to the symmetric trivalent graphs of Coxeter, Miller, Bouwer, 
and Chernoff, to the level-six groups of Newman. We develop relations among the parameters 
of these objects as a means of describing the correspondence b tween these alternate descrip- 
tions. © 1998 Elsevier Science B.V. All rights reserved 
1. Introduction 
The study of regular hexagonal maps on a torus has a long and intriguing history. 
Brahana [2] extended the work of Miller [12] on hexagonal maps to show that 'every 
group generated by two operators of orders two and three, respectively, whose 
product is of order six, determines a regular map of n hexagons on an anchor ring, 
where n is one-sixth the order of the group'. Coxeter further investigated these 
groups from the topological view point, disclosing many interesting properties of the 
corresponding trivalent symmetric graphs [7]. Miller [13] showed that all trivalent 
symmetric graphs of girth six and more than 20 vertices have modular quotient 
groups. Newman [14], whose approach was purely group theoretic, found a numer- 
ical criteria describing these groups. The purpose of this paper is to describe the 
precise correspondence b tween these alternate descriptions of the same mathematical 
objects. 
The groups of these graphs are classified by Miller [13] as follows. Let GM(k, s, t) 
denote the free group on two generators x and y subject o the identities 
X 2 = y3 = (yx)6 = (yxy -  1 x)Sk = (yxy -  1 X)" (y -  1 xyx) -S  = 1 
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for some triple of positive integers (k, s, t). (We have reversed the names used by 
Miller for the generators in order to conform to the notation of others.) Miller 
defined a construction for associating a graph ~(k, s, t) with the group GM(k, s, t). 
This graph may be obtained as the Cayley graph of GM(k, s, t) based on the 
generators x and y with each of the directed triangles associated with y reduced 
to a single vertex. Miller proved that if (¢ is a finite connected trivalent graph 
with girth at most six whose automorphism group is transitive on vertices and 
directed edges, then with only finitely many exceptions, ff is isomorphic to a unique 
(¢(k,s,t) fo rsometr ip le (k ,s , t )where0<2t~<k+l  andt  2 - t+ l -  0(modk). 
We show that the groups in this family are isomorphic to quotient groups of 
a family of normal subgroups of the modular group which had been studied earlier 
by Morris Newman [14]. By using these earlier results, we are able to relate 
Miller's work to the modular group, and provide geometric interpretations for the 
parameters. 
A great deal of progress has been made by Proulx [16] and Tucker [17] on the 
classification of groups acting on a torus. These results are summarized in Theorem 
6.3.3 of [9, p. 291]. In particular, they give six possible forms, including <x, y: 
X2 = y3 -----(yx)6 = 1 . . . .  ) for the presentation of a group that acts on a torus and 
preserves orientation. The results of this paper give a more detailed escription of the 
groups whose presentation has this form. 
The notation {p, q} is often used for a map in which each face has p edges, and each 
vertex has valence or degree q. The maps {3, 6} are the dual maps of the hexagonal 
maps {6, 3}. Amos Altshuler [1] gives a useful classification of the {3, 6} maps on 
a torus, and shows that they all contain hamiltonian circuits. Using duality he shows 
that some of the {6, 3} maps on a torus also contain hamiltonian circuits. Several 
years later Bouwer and Chernoff [5] showed that all {6, 3} maps on a torus are 
hamiltonian. The hamiltonian circuits obtained by the techniques of Altshuler are 
much easier to work with than those obtained through the construction of Bouwer 
and Chernoff. Further investigation should try to relate Altshuler's classification and 
constructions to the results of this paper. 
In Section 2 we describe the hexagonal maps {6, 3}b, c, and present some elementary 
computations related to b and c. In Section 3 we establish the relationship between the 
work of Coxeter, Newman and Miller. It follows from the work of Brahana, that the 
graphs ~(k, s, t) with k, s, > 0 are the graphs associated with the hexagonal maps 
{6, 3}b. c. However, Miller does not consider how to relate his group parameters k, s, 
t and the map parameters b, c. Using results that were apparently known but 
unpublished, one could compute the parameters ofthe group from b and c. A number 
theoretic result and the geometric nterpretations given in this paper establish that this 
computation may be reversed. Thus, formulae are established relating the group 
parameters of Newman and Miller to the map parameters b and c. Uses of these 
formulae are illustrated by determining hamiltonian cycles and codes for graphs of 
some of the groups in the family considered by Newman and Miller. The ability to 
relate map parameters and group parameters, and to compute hamiltonian codes for 
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alternative representations of toroidal maps should be useful in developing properties 
of interconnection topologies of multiprocessor computers. 
2. The toroidal maps {6, 3}b,c 
Consider a regular hexagonal mapping {6, 3} of the Euclidean plane in which each 
face has six sides and three faces meet at each vertex. We take the unit length to be the 
distance between centers of two neighboring hexagons. For descriptive purposes we 
orient the maps by taking vertical to be the direction of a line segment between one 
pair of opposite vertices. When this hexagonal map is overlaid by a tiling of rhom- 
buses as in Fig. 1, and opposite sides of the rhombuses are equated, a hexagonal map 
on a torus may be obtained. The sides of the rhombus in Fig. 1 may be determined by 
starting at the center of some hexagon, moving 2 unit lengths to the center of another 
hexagon, changing direction by ~/3 radians, and moving 1 unit length to the center of 
a third hexagon. The general process for determining a side of a rhombus by moving 
b units in one direction and c units in another direction is illustrated in Fig. 2. Here 
b and c represent nonnegative integers with b and c not both 0. The resulting 
hexagonal map on a torus is denoted by {6, 3}b, c so the toroidal map associated with 
Fig. 1 is denoted by {6, 3}2,x. Coxeter [7] shows that any hexagonal map on a torus 
can be obtained in this fashion. The same map can be obtained by reversing band c, so 
we can assume that c ~< b. Using the law of cosines, the square of the length of a side of 
# 
Fig. 1. 
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a rhombus is given by a 2 = b 2 + bc + c a. Coxeter gives 20 -2 = 2(b 2 + bc + c 2) as the 
number of vertices of the toroidal map. The sides of the rhombuses tiling the plane 
form two families of lines, those parallel to the segment OA and those parallel to the 
segment AB (see Figs. 2 and 3). We refer to these as OA- and AB-lines, respectively. 
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Using the law of sines, the horizontal distance between any two consecutive OA-lines 
is h = 0-2/ (b  n t- c). Also, 6 = c0-/(b + c) may be thought of(see Figs. 2 and 3) as the drop 
in position as measured along OA lines of a horizontal movement of h units. 
The zig-zag line shown in Fig. 2 just below the horizontal line of length h is known 
as a Petrie path. It is a path in the hexagonal map which contains exactly two edges of 
each hexagonal face that it borders on. It may also be defined by proceeding along an 
edge and alternating Hamilton's operators R (turn right) and L (turn left). The length 
of a Petrie path is measured in terms of the number of edges in the path. A Petrie path 
subtending x unit distances will contain 2x edges. The closed polygonal image of 
a Petrie path on a toroidal map is called a Petrie polygon. 
If a horizontal line segment is extended from the vertex of some rhombus (as in 
Fig. 3) it will intersect another such vertex. It follows that the corresponding Petrie 
polygon on the torus forms a cycle whose length is the number of vertices or edges 
along its path. Indeed, suppose that a horizontal line segment with both ends lying on 
OA-lines has a length of nh for some positive integer n. If one end is on an AB-line, 
then the other end is a distance of n6, as measured along an OA-line, from the same 
AB-line. The second end will also be on an AB-line if n is chosen such that n6 = j0- for 
some integerj. The smallest value of n for whichj is an integer is n = (b + c)/gcd (b, c). 
The number of edges in the corresponding Petrie polygon is 2nh = 20-2/(gcd (b, c)). If 
the horizontal line considered above is rotated by re/3 or 2~/3, the above analysis can 
be repeated with the same result. That is, each of the three Petrie polygons through 
a vertex on the toroidal map have the same length. We thus obtain the following 
lemma. 
Lemma 2.1. For a hexagonal map {6,3}b. c on a torus, there are  20 -2 vertices in the map 
and a Petrie polygon contains 20-2 /(gcd(b,c)) vertices, where a 2 = b 2 + bc + c 2. 
Corollary 2.1. A Petrie polygon in a map {6, 3}b ' c forms a hamiltonian circuit if  and only 
if b and c are relatively prime. 
In order to obtain a converse to Lemma 2.1 we establish some number theoretic 
results concerning the parameters b and c. To do this we need the following lemma 
which describes the approximation of numbers by Farey fractions; see, e.g. [-11, 
p. 154]. 
Lemma 2.2. Given real numbers r 1 and ~ with r 1 >~ 1, there are integers a and b such that 
gcd(a, b )= l, O<b~<t/,  and - <bt/ 
Lemma 2.3. Let d > 1 denote an integer such that m 2 q- m q- 1 ~ 0 (mod d) has a 
solution. Then for each solution m with 0 < m < d, there are unique positive integers 
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b and c such that 
gcd(b, c) = 1, b z + bc + C 2 = d, 
In addition b - - (m + 1)c (mod d). 
and c =- mb (mod d). 
Proof. Let a and b be obtained from Lemma 2.2 with q = ,,/-d and ~ = - m/d. Set 
c =mb + ad. Then [ - m/d - a/b[ < 1/b,,/-d implies that [c[ < x/-d and c 2 < d. Also, 
O < b <~ x/d, so that [bc[ < d, b 2~d,and  - d < b 2 + bc + c 2<3d.Now,  
b 2+bc+c 2=b 2(m 2+m+l)+bad+2mbad+a 2d 2 -O(modd)  
so that b 2 + bc + c 2 -- 0, d, or 2d. Now, gcd(a, b) = 1 implies that b and c are not both 
even, which in turn requires that b z + bc + c 2 is odd. Thus b 2 + bc + c 2 = d. Substi- 
tuting c =mb + ad into this equality gives 
l=b2(  mz+m+d 1) +ba+mba+(mba+a2d)=bq+ca '  
where q = b ((m 2 -k- m + 1)/d) + a + ma. Therefore, gcd(b, c) = 1. It also follows from 
this equation that c ¢ 0 and b < ,,/-d. Otherwise, b = 1 and b z = d > 1 a contradic- 
tion. To show that c is indeed positive, note that pairs (x, y) satisfying 
X 2 -k- xy + y2 = d lie on an ellipse with major axis x = - y, and minor axis x = y. 
There are intercepts at ( _+ ,,fd, 0) and (0, _+ x/d). There is a vertex on the major axis at 
(,,fd, - ,,/-d). Hence, 0 < b < ~ requires that 0 < c or c < - ,,/-d. But ic [ < ,,/-d so we 
obtain 0 < c. Finally, we prove the uniqueness of the pair (b, c). Suppose that (ba, cl) 
and (b2, c2) are two pairs of nonnegative integers atisfying 
gcd(b, c) = 1 b 2 + bc + c 2 = d, and c - mb (mod d). 
Without loss of generality, we may assume that bzc  a - blC 2 ~ O. Then b ib  2 + b lc  2 
+ ClC2 - bab2(l + m + m z) - 0 (rood d), and 
d z = (bZ~ + bac, + cZ~)(bZ~ + b2c2 + c 2) 
= (bib2 + bac2 + cac2) 2 + (b2c1 - blc2)(bl b2 + b2c1 + clc2). 
Since bib2 + b~c2 + clc2 is a positive multiple of d, it must be equal to d and we 
obtain b2c~ = blC2. Now, bad = b~b2 + b~c2 + blclc2 = b~b2 + b~cxb2 + cZ~b2 = db2. 
Hence, bx =b2andc l=c2 .  Finally, - (m +l )c  - - (m+l )mb- lb (modd) .  
For d = 3 it is easy to check that m = 1 is the only solution modulo d to the 
congruence m 2 + m + 1 --- 0 (modd),  and b = c = 1 is the unique pair provided by 
Lemma 2.3. For d > 3 we must have b ¢ c since (b, c) = 1 so we require that c < b by 
reversing b and c if necessary. Also, the solutions for m in m 2 + m + 1 - 0 (mod d) 
occur in pairs m and m' = d - m - 1. Let (b, c) and (b', c') denote pairs provided by 
Lemma 2.3 corresponding to m and m', respectively. Now, mc' -b '  (modd), so 
the uniqueness argument above can be repeated with (bx, Cl), (b2, c2) replaced 
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by (b, c), (c', b') respectively, to obtain b = c', and c -- b'. We can then reformulate 
Lemma 2.3 as: 
Corollary 2.2. Let d > 3 be an integer such that the congruence m2 + m + 1 -- 0 (mod 
d) has a solution. Then for each pair of integers (m, d) such that 0 < m < (d - 1)/2 and 
m 2 + m + 1 - 0 (mod d), there is a unique pair of integers b and c such that 
0 < c < b, gcd(b ,  c) = 1, b E + bc + c 2 = d, 
with either c - mb (mod d) and b - - (m + 1)c (mod d), 
o rb -mc(modd)  andc-  - (m + l)b (mod d). 
We can now obtain a converse for Lemma 2.1 that describes which pairs of positive 
integers designate the length of Petrie paths and number of vertices in some toroidal 
map {6, 3}b,c. According to Lemma 2.1 these numbers must have the form 2dp and 
2dp 2, respectively, where p = gcd(b, c). It is then reasonable to state the characteriza- 
tion in the following form. 
Theorem 2.1. Given a pair of  numbers 2dp and 2dp 2 where d and p are positive integers, 
there are integers b and c with 0 <~ c <~ b where b and c are not both zero, such that the 
toroidal map {6, 3}b,c has 2dp 2 vertices and Petrie paths of lenyth 2dp, if and only if 
m 2 + m + 1 --- 0 (mod d) has a solution. Furthermore, there is a one-to-one correspond- 
ence between ordered triples (p, m, d) where 0 < p, 0 < m < (d - 1)/2, with m E + m + 1 
--= 0 (mod d), and toroidal maps {6, 3}b,c. In this correspondence: p -- gcd (b, c), there are 
2dp 2 = 2(b 2 + bc + c 2) vertices in the graph, Petrie polyyons have length 2dp, and either 
c -mb (mod d) or b = mc (mod d). 
Proof. Starting with some toroidal map {6, 3}b,c where we may assume that 0 ~< c ~< b 
with b and c not both zero, let p = gcd(b, c) and d = (b z + bc + cZ)/p 2. By Lemma 2.1 
the graph has 2dp 2 vertices and Petrie paths of length 2dp. Now, (b/p) z + (b/p)(c/p) + 
(c/p) 2 = d and gcd(b/p, c/p) = 1, imply that b/p and d are relatively prime. Thus, there 
is some positive integer q such that q(b/p) - 1 (rood d). Let m be the least residue of 
qc/p modulo d, so that m 2 + m + 1 - 0 (mod d). If m is not bounded by (d - 1)/2 
replace it by d -  m-  1. Conversely, consider a triple (p, m, d) where p and d are 
positive integers, and m is a least-residue solution to m 2 + m + 1 = 0 (mod d). The 
cases d = 1 (equivalently m = 0) and d = 3 (equivalently m = (d - 1)/2) correspond to 
the maps {6, 3}p, o and {6, 3}p,p, respectively. Otherwise, let b and c denote the pair of 
positive integers provided by Corol lary 2.2. Now, by Lemma 2.1 the map {6, 3}pb, pc 
has 2dp 2 vertices, and Petrie paths of length 2dp. 
Let C={(b ,  c): 0~<c~<b,  b and c not both 0} and N={(p ,  m, d): 0<p,  
0 ~< m ~ (d - 1)/2, and m 2 + m + 1 = 0 (mod d)} denote sets of lists of integers. Also 
define the mapping ~b :C ~ N by ~(b, c) = (p, m, d) where p = gcd(b, c), d = (b z + 
bc + c2)/p 2, and m is determined as in the proof  of Theorem 2.1. That is (i) find q such 
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that q(b/p) ---- 1 (mod d), (ii) set rn to the least residue of qc/p modulo d, (iii) if m is not 
bounded by (d - 1)/2, then replace it by d - m - 1. As a result of this theorem ~ is an 
invertible function. As suggested by Theorem 2.1, p and d (or the number of vertices 
and lengths of Petrie polygons in a hexagonal map on a torus) are not enough to 
determine b and c uniquely. In the smallest such case d = 91. Here the (p, m, d) triples 
(1, 9, 91) and (1, 16, 91) correspond to the maps {6, 3}9,1 and {6, 3}6,5 with 182 vertices. 
The problem of determining q~- 1 (p, m, d) is equivalent to finding the appropriate 
tiling of rhombuses to overlay on the infinite hexagonal map. While p and d determine 
the size of the rhombuses, m determines their orientation with respect o the hexag- 
onal map. This orientation is also determined by the size of c relative to b, # = cb- 1. 
From this point of view (b, c) is determined as a point of intersection of the ellipse 
b 2 + bc + c 2 = d with the line c = ~b. In the proof of Theorem 2.1, rn is also computed 
as cb-1, except he computation is done in the ring of least residues modulo d. 
Bouwer and Chernoff I-5] have shown that all of the maps {6, 3}b,c have hamiltonian 
cycles, but the method of constructing such cycles suggested by their proof may not be 
the most satisfactory in many applications. In some cases, and possible in general, the 
geometric techniques associated with Lemma 2.1 may lead to a more intuitive method 
of constructing hamiltonian cycles. In general the 2dp z vertices of the map lie on 
p parallel Petrie polygons containing 2dp vertices each. All that is needed is some 
regular method of shifting from one of these parallel paths to the next. Such shifts are 
easy to determine for small values of p. 
3. The modular group 
The modular group F is the free product of two generators x and y subject o the 
relations x2 = 1 and y3 = 1 where 1 denotes the identity. F is isomorphic to the group 
of linear fractional transformations f(z) = (az + b)/(cz + d) where a, b, c, and d run 
over all integers uch that ad - bc = 1. F may be represented as the multiplicative 
group of 2-by-2 integer matrices with determinant 1 in which a matrix is identified 
with its negative. It is, therefore, intimately related to the group of continuous 
automorphisms of a torus which can be identified with the general inear group 
GL(2, Z) where Z denotes the ring of integers. Morris Newman [14, 15] has made an 
extensive study of the subgroups of the modular group. Following the result of 
Brahana, we are interested in those normal subgroups G of F for which six is the 
smallest positive power of xy contained in G. These are called the level six normal 
subgroups of F, and all have genus one [14]. 
Let F' and F" denote the first and second commutator subgroups of F, respectively. 
F' is generated by c~ = xyxy 2 and fl = xy2xy, so that F" contains the commutators of
all powers of ~ and ft. Newman [14] gives the following coset decompositions: 
5 
F= ~ F ' z  k and F '= ~ F"~ifl J ,  
k=0 i, jc Z 
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where z = xy. He also shows that for any normal subgroup G of F with level 6 
F"~G~F' .  
The quotient group F/G is then isomorphic to (F/F")/(G/F"). 
Let H be a group generated by an element X of order 2 and an element Y of order 3. 
The Cayley graph of H based on these generators has H as its vertex set, undirected 
edges {g, h} whenever gX = h, and directed edges (g, h) whenever gY = h. Now, the 
two types of edges (undirected or directed) of this graph are easily associated with 
their proper generator X and Y, respectively. Also, any automorphism of the graph 
must preserve dge type, so by [18, Theorem 4.8] the group of automorphisms of the 
Cayley graph is isomorphic to H. The procedure for determining a regular map 
described by Brahana [3, p. 230] uses an embedding of the Cayley graph of the group 
based on the generators of orders 2 and 3, where each of the directed triangles 
associated with the generator of order 3 has been reduced to a vertex. Thus, according 
to Brahana, F/G (where G is a level six normal subgroup F) determines a regular map 
of hexagons on a torus. We can give the specific parameters of the map based on 
a more detailed characterization f these normal subgroups provided by Newman. 
But first we provide the geometric setting for these results. 
Consider a hexagonal tiling of the plane with each vertex of the map replaced by 
a directed triangle as shown in Fig. 4. All triangles have the same orientation. Each 
twelve-sided face of the resulting map can be designated by a pair of integers (i, j, ) as 
shown in the figure. Also six of the vertices of a twelve-sided face lie at the head of 
a directed edge of the face. These vertices are associated with that face and numbered 
0,1 . . . . .  5 in the order determined by the directed edges. The remaining six vertices of 
that face are associated with neighboring twelve-sided faces. In this manner each 
vertex of the map is uniquely associated with a triple (i,j, k) where i andj  are integers 
Fig. 4. 
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and k ~ {0, 1 . . . . .  5}. Combing the two coset decompositions given by Newman, one 
obtains 
5 
r= y, y~ r" ~ flJ ? .  
i,j~Z k=O 
Hence, we may identify the vertices of a Cayley graph of F /F"  with those of the map 
just described. 
Lemma 3.1. The Cayley graph o fF~F"  based on the generators F"x  and F" y may be 
represented as an infinite hexagonal map of  the plane with each vertex replaced by 
a directed triangle where all triangles have the same orientation. 
Proof. All that remains to prove this lemma is to verify the twelve computations 
summarized in Table 1. For example, F" a i f l JF"x = F"cd -1 fli+~ _F" O~fl-x F" x = 
F" ct i- i flj+ , (xyxy2)(y2xyx)   = F,,~i- a flj+ , z 3" 
Coxeter et al. [8, p. 27] briefly considered the process of inflating vertices of 
a 3-regular graph to triangles, and also the reverse process of reducing triangles to 
vertices. Their interest was mainly in how these processes affected the symmetry of the 
graph. We find the directed triangles useful for describing paths in the graph without 
having to use Hamilton's operators R and L. For example, suppose F"g is a vertex in 
the map of Fig. 4. Then F" gfl, F"  gc~, F" g~fl - 1, F" gfl - 1, F" g~ - 1, and F" gc~ - 1 fl are 
located at the corresponding positions on the neighboring twelve-sided faces. 
Newman [14, Theorem 3] shows that there is a one-to-one correspondence b tween 
level six normal subgroups G of F such that F"c  G c F' ,  G # F", and ordered 
triples of integers (p, m, d) where 
0<p,  O<.m<~d-1 ,  ma+m+l=-O(modd) .  
Furthermore, this correspondence arises from the coset decomposition 
G= ~ F"A~B j, 
i,j~Z 
where A = ot p fl"P and B = flap, 
and the index of G in F is [F: G] = 6dp 2. Denote these subgroups o f f  by GN(p, m, d), 
and let Q = {GN(p, m, d): 0 < p, 0 ~< m ~ (d - 1)/2, m 2 + m + 1 = 0, (mod d)}. 
Table 1 
F"g F" g F" x F"g F" y 
r.~ifljz o r,,~i- ,/v+ 17 r"~ i '/P+ ~z" 
r.~i#~z 1 r .~,~. 1 z, r,,~i#J+ ~z 5 
F"otiflJg 2 F"o; i+ l flJz5 F"o; i+ l flJzO 
F" ~iflJz 3 F" ~i + lfl~ lzO F. ~i + lfl~- lzl 
F'tO~i3JZ4 Ftto~ifl J  - lzl F"o~iflJ 12"2 
F,' ai fliz s F" o:i- l lVz2 F" o: i- l fljz3 












Let G=GN(p,m,d). According to Brahana the graph associated with 
F/G ~ (F/F")/(G/F") by shrinking triangles of its Cayley graph based on the gener- 
ators Gx and Gy, is associated with one of the hexagonal maps {6, 3}b, c for some b and 
c. Since there are [F : G]/3 = 2dp 2 vertices in the graph and a Petrie path from say F"g 
to F" ,qB --- F" 9/3 dp has length dp, the parameters (p, _, d) and (b, c) must be related as 
in Section 2. But as before, p and d do not completely determine b and c in this 
relationship. We will show however, that the parameters (p, m, d) and (b, c) are related 
by the function • as in Theorem 2.1. More precisely, we will show that the mapping 
diagram in Fig. 5 is commutative. Here ~:C~N is defined in Section 2, H = 
{ {6, 3}b,~. :0 ~< c ~< b, with b and c not both 0} is a set of hexagonal maps on a torus, 
M={GM(k ,  s, t): 0<s ,  0<2t~<k+l ,  and t 2+t+l=0 (modk)} is the set 
of free groups defined in Section 1 as described by Miller, il(b, c )= {6, 3}b,c, 
i2(p, m, d) = GN(p, m, d), i3(p, m, d)= GM(d, p, m+ 1), f (GN(p,  m, d)) is the 
hexagonal map of H whose graph is isomorphic to the Cayley graph of F/GN(p, m, d) 
with the directed triangles replaced by vertices, 9(GN(p, m, d)) = GM(d, p, m + 1), and 
h(GM (k, s, t)) is the hexagonal map of H which is isomorphic to the Cayley graph of 
GM (k, s, t) with the directed triangles replaced by vertices. 
Theorem 3.1. For any level six normal subgroup GN (p, m, d) of the modular 9roup F, the 
Cayley 9raph of F/GN(p, m, d) based on the generators Gx and Gy is isomorphic to 
a toroidal map {6, 3}b,c with the vertices replaced by directed triangles. When 
(m - 1)/2 < d the parameters (b, c) and (p, m, d) are related as in Theorem 2.1, i.e. 
f ~, i2 o Cb = i 1. 
Proof. We may assume without loss of generality that c = mb + ad and 
b = (d - m - 1) c + a' d for some integers a and a'. Also suppose that the rhomboidal 
tiling which determines {6, 3}b,c is placed on the Cayley graph of F/F" with a rhom- 
boidal vertex at F"I. All we must do is to show that the neighboring rhomboidal 
vertices 
F,,(~z/~- 1)p~(/~-l)vb = F,,c~p~/~ p(b+~) and t . . . . . .  (/j 1)v~(c( 1)pb = F" ~ pi,,6-pc 
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belong to the same coset of GN(p, m, d) /F"  as F"I.  But 
F" 1 = F" A cB-  ~'-c = F" (ePflPm) c (flpd) - a' - c  = I ' "  ePCfl p(mc - a 'd-  ca) = F"  e pc f l -  p (b + c) 
and 
F" I  = F"A-bB -~ = C"(ePf lPm) -b  ( f lpd)-a = C , ,e -pbf l -p (mb+ad)  
= F ' ,e - ,b~- ,~.  []  
Corollary 3.1. F /GN(p ,  m, d) and F /GN(p ,  d -  m-  1, d) are isomorphic quotient 
groups o f  the modular group F. 
Proof. Let G = GN(p, m, d) and G' = GN(p, d - m - 1, d). Now, F /G and F /G '  have 
the same cardinality, namely, 6@ 2. Define #: F ~ F /G '  as follows, for g e F, where 
g = 7e i flJ z k for some integers i, j, k and 7 e F", let #(g) = G' eJfl i z k. Now, /~ is the 
composition F z,  F /F"  o ~ F /F"  ~ ~ F /G '  where 2 and v are natural homomor- 
phisms, and p(F"egf l Jz  k) = C 'e J f l i z  k. It is easy to check that p is a reflection on the 
map of Fig. 4, and it follows that # is a group homomorphism. Now, g = ?e~flJz k 
G if and only if k = 0, and F"eif l  i = F" [eb(efl - 1)c]h [tic (fie-1)b]h' for some integers 
h and h'. But the latter condition is equivalent to F"e J f l i= F"[flb(fle-1)c] h 
[e c (aft-1)b]h'. Hence, g e G if and only if #(g) = G', so that ker(p) = G, and the result 
follows. [] 
The description of the groups GM(k, s, t) used by Miller is very similar to the 
conditions used earlier by Newman to classify the level six normal subgroups of F. 
Indeed, these are alternative descriptions of a certain collection of relationships on 
a group as established in the following lemma. 
Lemma 3.2. I f  m < (d - 1)/2, then F /GN(p ,  m, d) is isomorphic to GM(d, p, m + 1), 
that is 13 = g ° i2. 
Proof. It is easy to show that (d, p, m + 1) satisfies the conditions pecified by Miller. 
Now, let G = GN(p, m, d) so F /G is generated by the cosets Gx and Gy which 
have orders 2 and 3 respectively, in the quotient. Next, GxG(yx)  6 Gx = Gz  6= G 
so that (GyGx)  6 = G(yx)6 = G. Also, G = GA d = GePd GB m = Ge pd so that 
(GyGx Gy 2 Gx) pd = G. Finally, Ga -p("+ 1) Grip = (GA)-tm+ 1)(Gfl)(,, ~ +m+ 1)p = G when 
m 2 + m + 1 = 0 (mod d). Since these groups have the same number of elements, the 
result follows. [] 
Corollary 3.2. Fig. 5 presents a commutat ive mapping diagram of  one-to-one corres- 
pondences. 
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Corollary 3.3. I f  G is a finite, connected, trivalent symmetric graph with girth at most 
six, then except in a finite number of cases, G is isomorphic to the Cayley graph of a level 
six modular quotient group with the directed triangles reduced to vertices. 
4. LCF codes for hamiltonian paths 
If Vo, Vl, . . . ,  v,_ 1, Vo is a hamiltonian circuit in a three regular graph with n vertices, 
then any edge (vi, v;) not on this circuit is determined by its offset di = j - i where 
computations may be done modulo n. The graph is completely determined by the list 
of offsets [do, db . . . ,  dn-1] which is called the LCF or hamiltonian code of the graph 
(see [4] for example). Concatenation and exponential notation are used to abbreviate 
these codes. Thus, [5, - 5] 7 = [5, - 5, 5, - 5, . . . ,  5, - 5] is the code for the graph 
of {6, 3}2,1. These codes may also be used to describe three regular hamiltonian 
graphs whose vertices have been replaced by directed triangles. One simply gives the 
offset between the triangles and tells whether the triangles are directed with or counter 
to the direction implied by defining hamiltonian circuit [2]. As an application of the 
results in the preceding sections we consider the LCF code for the graphs {6, 3}h,,, 
where gcd(b, c) = 1. 
Theorem 4.1. The LCF  code of the map {6, 3}b,c has the form [dl, d2] n if and only 
if gcd(b, c )= 1. In this case the code is given by [2 re+l ,  -2m- l ]  d where 
(1, m, d) = • (b, c). 
Proof. First suppose that gcd(b, c) = 1. A Petrie polygon containing the vertices 
within one basic rhombus, is divided into b + c horizontally oriented strips by the OA 
lines. Suppose that the strips are numbered 0, 1, 2 . . . . .  b + c - 1 from top to bottom. 
As one moves along the Petrie polygon from left to right, one drops down c strips each 
time one crosses an OA line. After moving along q strips from strip 0, one arrives at 
strip 1 or b + c - 1 which are the strips neighboring the initial strip, so one finds the 
least-positive integer q such that qc - +_ 1 (mod n). The same strip offset q holds along 
the entire Petrie polygon. The LCF code must then have the form [j, - j ]e  where 
d = b 2 + bc + c 2. Next, suppose now that [ j , - j ]e  is the LCF code of the map {6, 
3}b, c. By expanding each vertex of the map to a triangle, and giving each triangle the 
appropriate orientation, one obtains a connected 2-valent graph of directed triangles 
D whose extended LCF code is [jc, - j¢ ]d .  In this notation ¢ denotes orientation 
opposite to the defining hamiltonian path, and c denotes orientation with the defining 
hamiltonian circuit. Then according to [2, Theorem 3.1] D is the Cayley graph of 
F /GN (p, n, dl) for some triple (p, n, dl) with d = dl p2. Let (b', c') = 4~- 1 (p, n, dl) so 
p = gcd(b', c'). Now, the map of {6, 3}b,, c' is just D with the triangles hrunk to vertices, 
which is also the map of {6, 3}b, c. Hence, b = b', c = c', and p = 1. 
Now, if gcd(b, c) = 1, and q~(b, c) = (1, m, d) then {6, 3}b.c has the code [j, - j ]e  for 
somej. By [2, Theorem 3.2] 4d dividesj 2 + 3, so n = (j - 1)/2 satisfies n 2 + n + 1 - 0 
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(mod d). Set (b', c') = @- 1 (1, n, d). Now, the maps {6, 3}b,c, and {6, 3}b,c have the same 
LCFcodesob=b' ,c=c ' ,andn=m.  [] 
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